We construct the theory of a chiral Luttinger liquid that lives on the boundary of a Galilean invariant quantum Hall fluid. In contrast to previous studies, Galilean invariance of the total (bulk plus edge) theory is guaranteed. We consider electromagnetic response at the edge and calculate momentum-and frequency-dependent electric conductivity and argue that its experimental measurement can provide a new means to determine the "shift" and bulk Hall viscosity.
I. INTRODUCTION
Despite a long history and deep understanding of many microscopic and universal features of quantum Hall states [1, 2] , quantum Hall physics continues to present experimental surprises and new theoretical challenges. Recent theoretical developments regarding the "shift" [3] , the Hall viscosity [4, 5] , its relation to electromagnetic response [6] [7] [8] and generic geometric response [9] [10] [11] [12] prove that there is still a lot to be learnt about quantum Hall fluids. Motivated by these advances and the intimate connection between the quantum Hall fluid's bulk and edge properties [2, 13, 14] , we consider here a finite droplet of a Galilean invariant quantum Hall fluid and reexamine the physics that takes place at its edge.
We will study a quantum Hall fluid that is incompressible in the bulk. At the edge, however, it supports gapless excitations which are long wavelength deformations in the shape of the droplet that propagate along the boundary with a drift velocity. The standard theory of edge states, put forward in the seminal papers of Wen and Stone [15, 16] , is by now well-established and understood [2, 14] . It is a theory of a chiral Luttinger liquid, where excitations propagate along the edge only in one direction that is determined by the direction of the magnetic field (see Fig. 1 ). Tunneling experiments confirmed the chiral Luttinger liquid nature of the edge states in quantum Hall fluids [17] .
A remarkable property of the chiral Luttinger liquid is that it has an electromagnetic gauge anomaly. Namely, taken on its own in the absence of the bulk, the edge theory does not make good sense because it is not gauge invariant under electromagnetic U (1) N transformations. As a result, in the presence of an electric field E x pointing along the boundary the electromagnetic current is not conserved. The nonconservation of the edge current is compensated by the inflow of the Hall current from the gapped bulk, derived from the Chern-Simons term, via the celebrated Callan-Harvey mechanism [18] . In this way the gauge invariance of the total system (bulk plus edge) is guaranteed.
Nevertheless, it turns out however that the standard edge theory has some deficiencies. In particular, we will show that the edge theory [15, 16] is not invariant under Galilean boosts along a flat boundary in the presence of an external electromagnetic field. Since the bulk effective theory, encoded in the Chern-Simons action, is Galilean invariant, this implies the absence of Galilean invariance in the total (bulk plus boundary) theory. We conclude thus that for a clean Galilean invariant quantum Hall fluid the edge theory of Wen and Stone is incomplete.
To cure this deficiency it is helpful to impose a broader set of general coordinate invariance of which the Galilean invariance of interest to us is a subset. General coordinate invariance is a central principle in Einstein's formulation of general theory of relativity. A decade ago in a seminal paper Son and Wingate extended this principle to nonrelativistic physics [19] . Nonrelativstic general coordinate invariance led to exciting and experimentally verifiable predictions in condensed matter and cold atom physics [6, [19] [20] [21] . In technical terms, we will impose invariance of the edge theory under spatial diffeomorphism transformations, i.e. coordinate reparametrizations. In principle this allows to investigate the edge chiral Luttinger liquid living on curved boundaries of quantum Hall fluids placed on an arbitrary two-dimensional manifold, but in this paper we will concentrate our attention on the flat space physics. In particular, general coordinate invariance together with electromagnetic gauge invariance will guarantee the Galilean invariance of the total (bulk plus boundary) theory.
In addition to the formulation of a Galilean invariant theory of the chiral quantum Hall edge, our key result is its application to compute the linear response to an external electromagnetic perturbation. Namely, we find that the finite-frequency and momentum electric conductivity is given by
(1) The first term of the conductivity is universal because it is determined only by the filling factor ν and the "shift" S. On the other hand, the second term is not universal since it is sensitive to the equation of state, i.e., energy density ǫ as a function of the magnetic field. Due to the close relation between the "shift" and the bulk Hall viscosity [4, 5] , a spectroscopic measurement of the momentum dependence of the conductivity at the edge provides an alternative way to experimentally determine the bulk Hall viscosity. Our results are consistent with the bulk calculation of the electromagnetic response of quantum Hall fluids [6] [7] [8] .
In this paper we investigate an edge of integer quantum Hall and Laughlin (filling factor ν = 1/k with k an odd integer) fractional quanutm Hall fluids of spinless (spin polarized) fermions. It is known that in this case there is a single chiral mode propagating along the boundary. Here we will not consider an edge of the hierarchical states of Haldane and Halperin [22, 23] , where multiple edge modes are expected and the effects of disorder are important [14] .
Predictions made in this paper should be of relevance for quantum Hall states to be realized in clean (no disorder) heterojunctions and rotating quantum degenerate fermionic atoms.
II. CHIRAL LUTTINGER LIQUID
A convenient description of a quantum Hall edge is bosonization of a chiral Luttinger liquid. In the integer quantum Hall fluid the edge excitations are free chiral fermions and the effective action can be readily written down. In the fractional quantum Hall case the fermionic formulation can not be studied by perturbative methods. In both cases however the theory can be bosonized.
Specifically, from the fermionic edge density ρ we introduce first a chiral bosonic field θ by
where the coupling to the electromagnetic field A µ has been neglected for the moment. Using this bosonic field, the edge theory can be expressed as [15, 16] 
where d 2 x ≡ dtdx and c is the velocity of the edge excitation. For a smooth edge, it is determined, in the simplest approximation, by the potential that confines the droplet and is given by the drift velocity of fermions located at the edge
where the electric field is E i ≡ ∂ t A i − ∂ i A t and the magnetic field is B ≡ ǫ ij ∂ i A j with ǫ xy = +1. In the bosonized formulation the effect of the local fermion interaction term v int ρ 2 ∼ v int (∂ x θ) 2 can be simply absorbed into the definition of the velocity c [2, 14] .
We consider now how the chiral boson couples to the external electromagnetic field A µ neglected above. To this end, we derive the edge action from the bulk theory following the argument of Wen [15] in the presence of A µ . First, we start with the effective action of a quantum Hall fluid which is the Chern-Simons action for a dynamical statistical gauge field a µ coupled to the external electromagnetic field A µ
(5) The action was written in such a way that it is explicitly invariant under electromagnetic U (1) N gauge transformations (even in the presence of a boundary). The gauge field a µ is dual to the electromagnetic current J µ , i.e.,
We consider a quantum Hall fluid with a flat edge along the cartesian coordinate x (see Fig. 1 ). To find the edge action, we first impose in the bulk a gauge fixing condition for the statistical gauge field a t + ca x = 0.
As we will demonstrate in Sec. III, this choice has the virtue of being invariant under Galilean boosts parallel to the boundary. In addition, the incompressibility condition 2πJ 0 = b = −νB that follows from the Gauss law can be automatically satisfied by writing
By substituting now Eqs. (7) and (8) into the bulk action (5) and integrating several times by parts one obtains a theory that lives only on the boundary with the action that can be most conveniently written in the following form
where the covariant derivative
was introduced and
son is shifted δ α θ = να and thus the covariant derivative is invariant. Curiously, although there is no spontaneous symmetry breaking in the bulk of this system, the chiral boson couples to the external electromagnetic field as a Goldstone boson. This is because it represents the phase of the vortex excitation, whose gap vanishes at the edge [14] .
Due to the last term, the action (9) is not U (1) N gauge invariant and thus has a gauge anomaly. In the presence of a boundary, however, the bulk Chern-Simons term
that originates from Eq. (5) by integrating out current and density fluctuations, is also not gauge invariant with the variation given by the edge integral
This contribution exactly cancels the gauge noninvariance of the edge theory (9) and the total (bulk plus edge) theory is gauge invariant. This is a realization of the Callan-Harvey anomaly inflow mechanism in quantum Hall physics [18] .
III. GALILEAN INVARIANCE
In this paper we study clean quantum Hall fluids that are invariant under rotations, translations and Galilean transformations. In an infinite flat system the bulk Chern-Simons action (11) does not change under these spacetime transformations [24] . In the presence of a boundary, however, the rotation symmetry is lost and in addition the Chern-Simons action is not invariant anymore under Galilean boosts and translations in the direction perpendicular to the boundary. Nevertheless, Galilean boosts and translations along the boundary are still symmetries of the bulk CS action and thus need to be reflected by the edge action.
In this section we investigate how the edge theory (9) behaves under Galilean boosts along a flat boundary. Let us recall that the transformations of the gauge fields A µ and a µ under a general infinitesimal spatial diffeomorphism
with m denoting the mass of an elementary fermion (electron). 3 In fact, these transformation laws are valid provided the gyromagnetic factor g ψ and the spin s ψ of the elementary fermion satisfy the relation g ψ − 2s ψ = 0. This assumption can be easily relaxed, see [8, 25] .
A Galilean boost is a combination of the spatial diffeomorphism ξ k = β k t and the U (1) N gauge transformation α = mβ k x k with β k being the velocity parameter of the boost. As a result, under Galilean boosts parallel to the boundary, the gauge fields A µ , a µ and the chiral boson θ transform as
where we required that the chiral boson transforms as a Goldstone boson. It follows now from Eq. (14) that the magnetic and electric fields transform as
which implies the Galilean transformation law for the drift velocity (4)
Using Eqs. (14), (15), (16) we find that the edge action (9) is not generically Galilean invariant. The variation of the action is given by
with A + ≡ A t +cA x . Since the bulk Chern-Simons action (11) is Galilean invariant, the total (bulk plus boundary) action is not!
The root of the problem can be identified by reexamining the derivation in Sec. II: Although our starting point, the bulk action S QH (5), is invariant under Galilean boosts along the boundary, the identification (8) is not consistent with Galilean invariance, since its left hand side and right hand side transform differently. Based on the transformation properties, we observe that Galilean invariance of the action can be recovered if we modify the a x component of the statistical gauge field to be
This identification is consistent with Galilean invariance and since c is assumed to be constant at the edge, it is also consistent with the incompressibility constraint b = −νB. In the following sections we will put this idea on a firm ground using the nonrelativistic general coordinate invariance introduced in [19] .
IV. NONRELATIVISTIC GENERAL COORDINATE INVARIANCE
In general, the form of the effective action is constrained by the (gauge) symmetries of the microscopic theory. It has been realized recently [6, 8, 25] that in addition to the U (1) N gauge invariance, a large class of quantum Hall microscopic models are invariant under nonrelativistic general coordinate transformations (reparametrizations). For this reason, it is important to incorporate this invariance into the effective action of quantum Hall fluids. In this section we review the basics of general coordinate invariance which will be used in the next section to construct the bulk and edge effective theories that respect this symmetry.
Consider a quantum Hall fluid living on an arbitrary two-dimensional manifold with a (generically timedependent) spatial metric g ij . The transformation of the spatial metric under an infinitesimal spatial diffeomorphism is given by
Since fermions in a quantum Hall fluid rotate and have a finite angular momentum, it is useful to introduce at every point of the manifold a pair of orthonormal spatial vectors (a vielbein) e a i with a = 1, 2 that automatically satisfy
where we introduced the Levi-Civita tensor ε ij ≡ √ gǫ ij .
Under spatial diffeomorphisms, the vielbein transforms as a one-form, i.e.,
The vielbein is not uniquely defined because it can be rotated locally in vielbein space by a SO(2) V transformation
and still satisfies the conditions (20) . This gauge freedom gives rise to the spin connection
which transforms as an Abelian gauge field ω µ → ω µ + ∂ µ λ under the local SO(2) V rotation (22). We will denote its electric and magnetic field as E ω i and B ω , respectively. Notably, the gauge potentials A µ and ω µ do not transform as one-forms under spatial diffeomorphisms, see e.g. Eq. (13) . This complicates the construction of general coordinate invariants. In the following we will use the modified fields
proposed in [8, 21] . Here we introduced a velocity vector v i that transforms under spatial diffeomorphisms as
As a result,Ã µ andω µ transform as one-forms for any choice of the velocity field. Within this formalism one can automatically ensure Galilean invariance of a quantum Hall fluid provided v i can be written as a function of the spatial metric g ij , the gauge potentials A µ and their derivatives. A natural choice for the velocity vector is given by
Note that this leads to an equation for the velocity v i in terms of the electric and magnetic fields E i and B (27) which can be rewritten as the Euler equation for a charged fluid in the presence of electromagnetic fields
V. BULK AND EDGE THEORY
A. Bulk action
The effective action of a gapped quantum Hall fluid is a local functional of the external sources. It has an infinite number of terms that can be ordered according to a power-counting scheme. Here we utilize a derivative power-counting with a small parameter ǫ ≪ 1
This assignment makes the electromagnetic fields to be of order B ∼ 1 and E i ∼ ǫ. The Chern-Simons action (11) is then the leading O(1) order term. Within this power-counting, the velocity field is expressed in terms of electromagnetic fields as follows: the Euler equation (28) is solved iteratively by expanding the velocity and solving order by order in ǫ:
where the leading order solutions are
The next-to-leading O(ǫ 2 ) order corrections to the Chern-Simons bulk action were computed in [6] . The bulk action can be written as
where the general coordinate invariant form of the bulk Chern-Simons term is
the geometric general coordinate invariant Wen-Zee term [3] isS
and
where ǫ(B), K(B) and h(B) are some functions ofB and R denotes the Ricci scalar. Physically, ǫ(B) is the internal energy density of a quantum Hall fluid as a function of magnetic field.
Written in this form, the total action is manifestly general coordinate invariant. Although the action (32) includes corrections of arbitrarily high order in ǫ, it is is complete only up to and including next-to-leading order.
B. Edge action
In the presence of a boundary we will consider a smaller subgroup of diffeomorphism transformations that preserve the shape of the boundary. In particular, for a boundary at y = 0, this means that we will demand invariance of the edge action only under diffeomorphisms along the x direction.
The form of the improved edge action can be derived from the topological action of Wen and Zee [3] following the same steps as in Sec. II. The general coordinate invariant form including the coupling to the spin connection is given bỹ
whereÃ λ ≡Ã λ + sω λ . In general, there are more nontopological terms that depend on the dynamical gauge field a µ (see for instance [8] ) and give rise to Eq. (35). Since these terms do not affect the form of the edge theory, they have not been included here. First we introduce a gauge fixing for the statistical field using the general coordinate invariant condition
This allows us to eliminate the temporal components of the gauge field. On the other hand, its spatial components can be now written as
In this way, the Gauss law b = −νB = −ν(B + sB ω ) is satisfied explicitly. As a result, one finds for a quantum Hall fluid on a sphere S = 2s, where S denotes the "shift" which for a quantum Hall fluid living on a closed manifold is defined as a mismatch between the number of fermions N and number of elementary magnetic flux quanta N φ , i.e., N φ = ν −1 N − S. [3] . The action can be manipulated to be the sum of the bulk topological terms (33), (34) and the gravitational Chern-Simons term
plus the boundary action for the chiral boson
whereẼ x =Ẽ x + sẼ ωx . Here x is a coordinate that parametrizes the boundary. Eq. (40) is a key result of this paper that gives the generalization of the conventional edge action of Wen and Stone. The combination of this edge action with the bulk action (32) is invariant under nonrelativistic diffeomorphisms, U (1) N and SO(2) V gauge transformations. It directly follows that the total action is Galilean invariant. In this paper we assume the scaling θ ∼ ǫ −2 . From Eq. (2), this implies ρ ∼ ǫ −1 which is a natural scaling for the one-dimensional fermion density at the edge. Within this power counting the Lagrangian of the edge theory (40) is O(ǫ −1 ). Note that in the absence of other considerations than symmetries, the action at this order can have a much more general form, the kinetic term can be an arbitrary function ofD t θ + v xD x θ and the magnetic fieldB
The equation of motion is modified, but the solutions are still chiral with the same velocity. In the absence of sources A x = A t = 0 and constant B and v x they take the form
VI. ELECTROMAGNETIC RESPONSE AT THE EDGE
As an application, in this section we calculate linear response to longitudinal and transverse electromagnetic perturbations in a quantum Hall fluid with a flat boundary.
A. Equation of motion and currents
First, consider a chiral Luttinger liquid living on a generic boundary of a two-dimensional manifold. The boundary has an induced metric h which can be calculated from the metric g ij of two-dimensional space as follows
where x i (x) is a parametrization of the boundary. The equation of motion derived from the action (40) is
or written in momentum space
The U (1) N consistent current defined by
is given by
This current is not gauge invariant, but we can make it such [28] : Under a variation with respect to the gauge potential A µ , the bulk action (32) changes as
(48) From the gauge invariance of the total (bulk plus boundary) action we find that the boundary current
must be gauge invariant. This is known as the covariant current. The resulting covariant current is given bỹ
where ǫ ′ ≡ ∂Bǫ. Here we discarded all terms that originate from K(B) and h(B) terms in the bulk action (35) because they will introduce only higher order corrections in our power-counting. In addition, we assumed that the magnetic field is constant. This is sufficient for the calculation of electromagnetic linear response that is done in the following.
Using the equation of motion, one finds that the covariant current satisfies
The nonconservation of the current is a manifestation of the covariant gauge anomaly.
B. Longitudinal perturbation
We discuss now the case of a perturbation δA µ (t, x) with µ = t, x in flat two-dimensional space with a flat boundary parametrized by a cartesian coordinate x. This perturbation leaves B and E y unaffected, but gives rise to the nonvanishing longitudinal E x (t, x) (see Fig. 2 ).
FIG. 2. Longitudinal perturbation Ex (dashed line)
First, we calculate the electric conductivity and the conductance. By substituting the equation of motion (45) into the expression for the covariant current (50) we find in momentum space
where py ≡ dp y /(2π).
The velocity field in this case is given by
By substituting this into the general relation valid in flat spacẽ
to linear order in external perturbation we find
where the relation 2s = S was used. With the help of Eqs. (52), (53) and (55) we find now the electric conductivity σ(ω, p x ) in the edge theory
In the limit m → 0, the cyclotron frequency ω c = B/m → ∞ and states from all higher Landau levels decouple. In this limit the conductivity simplifies to
where we used that ǫ(B) = νB 2 /(4πm) for Laughlin's quantum Hall states in the limit m → 0.
If one defines the conductance G H as a response of the currentJ x to a constant A t
then
which agrees with the prediction of the chiral edge theory of [15, 16] . Finally, we note that the right-hand-side of Eq. (51) has to be compensated by the bulk Hall current via the Callan-Harvey anomaly inflow. For a static perturbation δA t (x) it was found in [6] that
This expression equals in magnitude and is opposite in sign to the right-hand-side of Eq. (51). The total U (1) N current is thus conserved in the bulk plus boundary system.
C. Transverse perturbation
Consider now a perturbation δA µ (t, y) with µ = t, y in flat two-dimensional space with a flat boundary along x. This perturbation leaves B and E x unaffected, but gives rise to the nonvanishing transverse variation δE y (t, y) (see Fig. 3 ). In the following we will assume that δE y (t, y = 0) = 0, i.e., the perturbation vanishes at the boundary. This is a simplest realization of a non-ideal edge. 
Now the transverse conductivity σ H (ω, p) will be calculated. In other words, we will determine the response of the edge covariant current δJ x to the transverse electric perturbation δE y . Using Eqs. (52), (61) 
In the limit m → 0 the transverse conductivity of a Laughlin state simplifies to
By using now the property of the perturbation δE y (t, y = 0) = py δE y (ω, p y ) = 0,
we find 
VII. OUTLOOK
It has been demonstrated that Newton-Cartan geometry is a powerful mathematical formalism to study nonrelativistic quantum Hall fluids, superfluids and other nonrelativistic systems [8, 25, [30] [31] [32] [33] [34] . In the future we plan to extend Newton-Cartan geometry to spacetime manifolds with boundaries, understand how it emerges from the bulk geometry and apply this formalism to the edges of quantum Hall fluids.
It is known that in addition to the electromagnetic gauge anomaly, the gravitational anomaly appears at the edge of a quantum Hall fluid [26, 27] . While its consequences for the bulk of quantum Hall fluids have been studied extensively recently [10] [11] [12] , it will be useful to investigate in more detail its edge implications by starting from the theory of a nonrelativistic general coordinate invariant chiral Luttinger liquid.
